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Abstract
The sandpile group of a graph is a refinement of the number of spanning trees of the graph and is closely
connected to the graph Laplacian. In this note the sandpile group of P4 × Cn is proved to be always the
direct sum of three cyclic groups with even orders and an exact formula for the order of these cyclic groups
is also given.
c© 2007 Elsevier Ltd. All rights reserved.
The sandpile group of a connected graph is closely connected to the graph Laplacian as
follows: Let G = (V, E) be a finite loopless graph with n vertices. Then its Laplacian matrix
L(G) = D(G) − A(G), where D(G) = diag(d1, d2, . . . , dn) and A(G) are the degree matrix
and the adjacency matrix of G, respectively. Thinking of L(G) as a linear map Zn → Zn , its
cokernel has the form coker L(G) = Zn/L(G)Zn ∼= Z ⊕ S(G), where S(G) is the sandpile
group on G in the sense of isomorphism. For more details about the sandpile group of a graph
and Abelian sandpile model, see [1,5,8].
There are relatively few results describing the sandpile (or critical) group structure of S(G)
in terms of the structure of G. Recently, there have been interesting families of graphs for which
the sandpile group structure has been completely determined [2,4,6,7].
Let G1 = (V1, E1) and G2 = (V2, E2) be two graphs; recall that their product G1 × G2
(also called the weak product) has vertex set V1 × V2, and (x1, y1) and (x2, y2) are adjacent
in G1 × G2 if and only if x1x2 ∈ E1 and y1y2 ∈ E2. The aim of this note is to discuss the
structure of the sandpile group on the graph Pm ×Cn (m ≤ 4). But the product of two connected
graphs is connected if and only if at least one of the factors is not bipartite (see [3, pp. 106]);
Pm ×Cn is not connected when n is even, so there needs to be considered the case of n odd only.
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Fig. 1. Graph P4 × Cn and its dual graph.
If m = 1, then P1 × Cn is the empty graph; If m = 2, then P2 × Cn ∼= C2n , whose sandpile
group is the cyclic group Z2n of order 2n. If m = 3, we can prove the sandpile group to be
S(P3 × Cn) ∼= Z22 ⊕ Zn−24 ⊕ Z4n . The aim of this note is to show that the sandpile group on
P4 × Cn is always the direct sum of three cyclic groups with even orders.
Cori and Rossin has proved in [4] that the Smith normal form of the sandpile group on a
graph is the same as that on its planar dual. As the induced system of relations is simpler, we
work on the dual graph of P4 × Cn (see Fig. 1). Here we have chosen the vertex 2n + 2 as the
root, such that x2n+2 = 0. Applying the toppling rule to each of the remaining vertices, we get
the following system of equations:
x3 = 4x2 − x1 − 2x2n+1
x4 = 4x3 − x2
x2i−1 = 4x2i−2 − x2i−3 − 2x2n+1
x2i = 4x2i−1 − x2i−2
2(x1 + x3 + x5 + · · · + x2n−1) = 0.
(for each 3 ≤ i ≤ n)
From this system we can already see that there are at most three generators. Indeed each
xi can be expressed in terms of x1, x2 and x2n+1. For all 3 ≤ i ≤ n, if we define x2i−1 =
a2i−1x2 − b2i−1x1 − c2i−1x2n+1, then x2i = b2i+1x2 − a2i−1x1 − c2i x2n+1. We can get{
a2i−1 = 2c2i−1 − c2i−2
b2i−1 = 2c2i−2 − c2i−3 + 1 and
{
c2i−1 = 4c2i−2 − c2i−3 + 2
c2i = 4c2i−1 − c2i−2
with c1 = 0, c2 = 0, c3 = 2, c4 = 8.
Theorem 1. For all odd n ≥ 3, the relation matrix for the generators x1, x2, x2n+1 of the
sandpile group for the dual graph of P4 × Cn is equivalent to
An =
 0 c2n c2n+10 c2n+1 c2n+2
2n
2c2n+1 − c2n + 2n
3
7c2n+1 − 2c2n − 2n
3
 .
In order to determine the structure of the sandpile group S(P4 × Cn), it suffices to calculate
the Smith normal form of the above matrix An . If we define the sequence hi as follows: h0 = 0,
h1 = 1, and hi = 4hi−1−hi−2 for i ≥ 2, then we can prove that c2i+1 = 2h2i , c2i = 2hi−1hi and
the determinant of An is det(An) = 4nc2n+1 = 8nh2n . The following property of the sequence hi
is crucial in our calculations.
Lemma 2. If 3e | i but 3e+1 - i then 3e−1 | h2i+2i3 but 3e - h2i+2i3 .
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Like in the proof of [6], using the properties of the sequence hi and the standard method for
calculating the Smith normal form of an integer matrix using the determinant factors, we can
get the Smith form Sn of the matrix An as (a reader who is interested in the detailed proof may
communicate with the authors)2(n, hn) 0 00 2hn 0
0 0
2nhn
(n, hn)
 for 3 - n, and

2(n, hn)
3
0 0
0 2hn 0
0 0
6nhn
(n, hn)
 for 3 | n.
Thus, we get the main result of this note.
Theorem 3. For odd integer n, the sandpile group of P4×Cn is Z2(n,hn)⊕ Z2hn ⊕ Z 2nhn
(n,hn )
when
3 - n and Z 2(n,hn )
3
⊕ Z2hn ⊕ Z 6nhn
(n,hn )
when 3 | n, where hn = 4hn−1− 4hn−2, and h0 = 0, h1 = 1.
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